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Abstract
We generalize the ordinary Wess-Zumino model to the Bosonic-Fermionic noncommutative
(BFNC) superspace and study its renormalization. In our previous work that can be regarded
as the key foundation of the present paper, we have proved that the BFNC Wess-Zumino
model with the real mass and interacting constant is one-loop renormalizable up to the second
order of BFNC parameters. Based on the result obtained, in the present paper we modify the
one-loop renormalizable BFNC Wess-Zumino model by generalizing the mass and interacting
constant to complex numbers, introduce the U(1)R R-symmetry and U(1)Φ flavor symmetry in
the modified model, analyze possible divergent operators in the effective action of the modified
model by using the dimensional analysis method, and further give a new BFNC Wess-Zumino
model that is renormalizable at all loops still up to the second order of BFNC parameters by
imposing symmetries rather than doing a direct perturbative investigation.
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1 Introduction
By deforming the ordinary spacetime and superspace to a noncommutative (NC) spacetime
and non-anticommutative (NAC) superspace, respectively, and then constructing physical mod-
els on the NC spacetime and NAC superspace, one can acquire [1–3] a deeper understanding of
quantum field theory. One of the most interesting properties is the renormalization of quantum
field theory on the NC spacetime and NAC superspace. For instance, see ref. [4], on the one
hand the simplest NAC superspace was given and the possibility to construct the Bosonic-
Fermionic noncommutative (BFNC) superspace1 was pointed out, and on the other hand the
Wess-Zumino model and the super Yang-Mills model were generalized to the NAC superspace
and the effect of NAC deformation on the physical models was investigated. In addition, in
the later researches [5–8] the NAC Wess-Zumino model was proved to be renormalizable at one
loop and then at all loops. Here we note that the NC spacetime and NAC superspace are of
string theory basic. In fact, from the point of view of string theory [9–12], the NC spacetime
and NAC superspace can be obtained under certain conditions and furthermore the BFNC
superspace [13] can be predicted.
Compared with a lot of studies on the models based on the NAC superspace, the investiga-
tions related to the BFNC superspace are few. In our recent work [14] we have constructed a
one-loop renormalizable Wess-Zumino model on the BFNC superspace. Motivated by our pre-
vious result, we go ahead in the present paper. That is, we modify the one-loop renormalizable
BFNC Wess-Zumino model by introducing a complex mass and a complex interacting, find out
its effective action, and propose a new BFNC Wess-Zumino model with renormalizability at all
loops.
The key point to construct an all-loop renormalizable Wess-Zumino action on the BFNC
superspace is the introduction of global U(1) symmetries, which has been realized [5, 7, 8] for the
NAC Wess-Zumino action. Moreover, the prerequisite for introducing global U(1) symmetries
is the complexification of mass and interacting constant in our one-loop renormalizable Wess-
Zumino action [14], which is inspired by the realization of one- and all-loop renormalizable
NAC Wess-Zumino actions. A more detailed description is given below.
The deformed Wess-Zumino action defined on the NAC superspace is invariant under an
N = 1/2 instead of N = 1 supersymmetry transformation because the definition of NAC
star product contains the supersymmetry generator Q which does not anti-commute with the
supersymmetry generator Q¯. In addition, besides the N = 1/2 supersymmetry, two global U(1)
1The Bosonic coordinates no longer commute with the Fermionic coordinates on such a superspace.
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symmetries are found [5, 7, 8] for the NAC Wess-Zumino action with a complex mass and a
complex interacting constant, and they play a crucial role in the construction of one- and all-loop
renormalizable NAC Wess-Zumino actions. Inspired by the success in the NAC case together
with the existence of theN = 1/2 supersymmetry in the BFNC case, we generalize the mass and
interacting constant to complex numbers in our one-loop renormalizable BFNC Wess-Zumino
action. Again considering that a global U(1) symmetry is independent of supersymmetry, we
then define the U(1)R R-symmetry and U(1)Φ flavor symmetry charges for the complex mass
and interacting constant. Besides, we need to define the symmetry charges for the BFNC
parameters and operators listed in Table 1.
We emphasize that the renormalization analysis based on the global U(1) symmetries leads
to renormalizability at all loops because it is not related to a direct perturbative process.
Moreover, the global U(1) symmetries can greatly simplify this analysis of renormalization. The
reason is that if an action has global U(1) symmetries and an N = 1/2 supersymmetry, based
on the background field method [15], its effective action also has these symmetries. As a result,
one can seek out the forms of divergent operators allowed by the symmetries from all possible
forms in an effective action, and furthermore determine the exact form of an effective action.
We shall see that such an analysis is indeed very powerful to construct the renormalizable
BFNC Wess-Zumino action we desire.
The paper is organized as follows. In the next section we give a detailed summary of the
previous paper [14], both for conventions, definitions and the main results in order to make the
present paper self-consistent because this paper is intimately related to the previous one. Then
we demonstrate our main idea and specific treatment on the investigation of renormalizability of
a new BFNCWess-Zumino model at all loops in section 3. The following five sections thus focus
on technical jobs. Based on the one-loop renormalizable Wess-Zumino action S(3) [14], we give
the modified action S ′(3) which has the U(1)R R-symmetry and U(1)Φ flavor symmetry in section
4. Next, we derive the constraints that should be satisfied by possible divergent operators in
the effective action of S ′(3) in section 5, and further determine the allowed divergent operators
by solving the constraints in section 6. We turn to the construction of BFNC parameters in
section 7. In terms of the allowed forms of divergent operators and BFNC parameters we are
able to write the effective action of S ′(3) in section 8. Finally, we present our conclusion and
outlook in section 9, where a new BFNC Wess-Zumino action that is renormalizable at all loops
is determined.
3
2 Summary of the Previous Paper
We give a detailed summary of our previous work [14] in order for this paper to be self-
consistent.
At first, the structure of the BFNC algebra takes the form,
[
yk, θα
]
= iΛkα,
[
xk, yl
]
= −σkαβ˙Λ
lαθ¯β˙ ,
[
xk, θα
]
= iΛkα,[
xk, xl
]
= σlαβ˙Λ
kαθ¯β˙ − σkαβ˙Λ
lαθ¯β˙, (1)
where the other commutators and anti-commutators that do not appear in the above are vanish-
ing. The algebraic relations give the definition of the BFNC parameters Λkα, where k = 0, 1, 2, 3,
and α = 1, 2, which implies that there are eight independent BFNC parameter components in
total, and yk, θα, and θ¯α˙ are chiral coordinates with the relation yk ≡ xk + iσkαβ˙θ
αθ¯β˙. Corre-
spondingly, the BFNC star product is defined in terms of the tensor algebraic notation which
is frequently used in quantum group theory [16],
F ⋆G ≡ µ
{
exp
[
i
2
Λkα
(
∂
∂yk
⊗
∂
∂θα
−
∂
∂θα
⊗
∂
∂yk
)]
⊲ (F⊗G)
}
,
= FG−
i
2
Λkα (∂αF) (∂kG) + (−1)
|F| i
2
Λkα (∂kF) (∂αG)
+
1
8
ΛkαΛlβ (∂k∂lF) (∂α∂βG) +
1
8
ΛkαΛlβ (∂α∂βF) (∂k∂lG)
+(−1)|F|
1
4
ΛkαΛlβ (∂β∂kF) (∂α∂lG)
−
i
16
ΛkαΛlβΛmζ (∂α∂l∂mF) (∂β∂ζ∂kG)
+(−1)|F|
i
16
ΛkαΛlβΛmζ (∂α∂β∂mF) (∂ζ∂k∂lG)
−
1
64
ΛkαΛlβΛmζΛnι (∂α∂ζ∂l∂nF) (∂β∂ι∂k∂mG) , (2)
where µ denotes the change from the tensor product ⊗ to an ordinary product, the symbol ⊲
represents an action of an operator on a function, F and G stand for any superfields, |F| is the
grade of F that equals zero for a Bosonic element and one for a Fermionic element, ∂k ≡
∂
∂yk
,
and ∂α ≡
∂
∂θα
. Replacing the ordinary product by the star product in the Wess-Zumino model
SWZ, we obtain the deformed Wess-Zumino model depicted by the action SNC,
SNC =
∫
d4x
{
Φ+ ⋆ Φ|θ2θ¯2 +
m
2
Φ ⋆ Φ|θ2 +
g
3
Φ ⋆ Φ ⋆ Φ|θ2
+
m
2
Φ+ ⋆ Φ+|θ¯2 +
g
3
Φ+ ⋆ Φ+ ⋆ Φ+|θ¯2
}
, (3)
where the mass m and the interacting constant g are real parameters, and Φ and Φ+ are chiral
and antichiral superfields defined as Φ ≡ Φ(y, θ) and Φ+ ≡ Φ+(y, θ, θ¯), respectively. According
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to the definition of the star product (see eq. (2)), it is straightforward to verify that SNC has
the 1/2 supersymmetry defined as
δξΦ ≡ ξ
α∂αΦ, δξΦ
+ ≡ ξα∂αΦ
+. (4)
In the BFNC superspace we can rewrite the deformed action by using the coordinates xk,
θα, and θ¯α˙,
SNC =
∫
d8z
{
Φ+Φ−
m
8
Φ
(
D2

Φ
)
−
m
8
Φ+
(
D¯2

Φ+
)
−
g
12
ΦΦ
(
D2

Φ
)
−
g
12
Φ+Φ+
(
D¯2

Φ+
)
+
1
3072
(−g)ΛklΛnoθ4
(
D2Φ
)
∂l∂k
(
D2Φ
)
∂o∂n
(
D2Φ
)
+
1
32
(−g)Λklθ4Φ
(
D2Φ
)
∂l∂k
(
D2Φ
)
+
1
32
(−g)Λklθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
+
1
6
(−g)Λklθ4Φ+Φ+∂k∂lΦ
+
+
1
3
(−g)
(
σΛΛkl
)no
θ4Φ+∂k∂nΦ
+∂l∂oΦ
+
+
1
6
gηklΛnoθ4Φ+∂k∂nΦ
+∂l∂oΦ
+
+
1
16
(−g)ǫαβΛklθ4∂k (DαΦ) ∂l (DβΦ)
(
D2Φ
)
+
1
16
(−g)ǫαβǫζιΛkβΛ
l
ιθ
4∂k (DαΦ) ∂l (DζΦ)
(
D2Φ
)}
, (5)
where the first two lines correspond to the ordinary Wess-Zumino action SWZ, and the remain-
nings are the BFNC deformed, i.e. Λ-dependent contributions denoted as SΛ in later related
expressions. Some relevant notations are necessary to be mentioned, Dα and D¯α˙ are defined by
Dα ≡
∂
∂θα
+ iσkαβ˙ θ¯
β˙ ∂
∂xk
D¯α˙ ≡ −
∂
∂θ¯α˙
− iσkβα˙θ
β ∂
∂xk
, (6)
and ∂k ≡
∂
∂xk
, d8z ≡ d4xd2θd2θ¯, θ2 ≡ θαθα, θ¯2 ≡ θ¯α˙θ¯α˙, θ4 ≡ θ2θ¯2, D2 = ǫαβDβDα, and
D¯2 = ǫα˙β˙D¯α˙D¯β˙. Moreover, the following symbols are defined and have been utilized in eq. (5)
in order to make it and later related ones concise,
Λkl ≡ ǫαβΛkβΛ
l
α,
Λ2 ≡ ηklΛ
kl,
σΛΛ ≡ ηknηlo
(
σkl
)αβ
ΛnαΛ
o
β,(
σΛkl
)nα
≡
(
σkl
)βα
Λnβ,(
ησΛk
)α
≡ ηln
(
σnk
)βα
Λlβ,
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(
ησΛΛk
)l
≡ ηno
(
σok
)αβ
ΛnαΛ
l
β,(
σΛΛkl
)no
≡
(
σkl
)αβ
ΛnαΛ
o
β. (7)
Following the strategy to construct a renormalizable action on the NAC superspace [6], we
have to calculate the effective action of the deformed action SNC. In order to deal with the
interacting vertices systematically, we choose the background field method [15]. Because there
are many terms in the effective action, we adopt a short notation to represent the effective
action. That is, we just list independent BFNC parameters and operators, where ∂∂ denotes
∂k∂l, and D and D¯ stand for Dα and D¯β˙, respectively. For instance, in SNC (eq. (5)) the terms
at the second order of BFNC parameters (order of Λ2), i.e. SΛ(Λ
2) can be summarized as
• 5 BFNC parameters
Λkl,
(
σΛΛkl
)no
, ηklΛno, ǫαβΛkl, ǫαβǫζιΛkβΛ
l
ι. (8)
• 3 operators
∂∂Φ
(
D2Φ
) (
D2Φ
)
, ∂∂(DΦ)(DΦ)
(
D2Φ
)
, ∂∂∂∂Φ+Φ+Φ+. (9)
Therefore, the terms in the effective action of SNC (denoted by Γ1st) at the order of Λ2 are
concisely represented as
• 14 BFNC parameters
(
ησΛΛk
)l
, Λ2, Λkl, ǫαβ
(
ησΛΛk
)l
, ǫαβΛkl,
Λ2ηkl, Λ2ǫαβ , Λ2ǫα˙β˙, Λ2
(
σ¯k
)α˙β
, Λ2ηklǫαβ ,
Λklηln (σ¯
n)α˙β , ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
, ǫαβǫζιΛkβΛ
l
ι,
ǫαβηkl
(
σΛln
)oζ
Λkβ. (10)
• operators of point functions
– 4 operators of 2-point functions
∂∂Φ
(
D2Φ
)
, ∂∂(DΦ)(DΦ), ∂∂
(
D2Φ
)
Φ+, ∂∂∂∂
(
D2Φ
)
Φ+; (11)
– 5 operators of 3-point functions
(
D2Φ
) (
D2Φ
) (
D¯2Φ+
)
, ∂(DΦ)
(
D2Φ
) (
D¯Φ+
)
, ∂∂Φ
(
D2Φ
)
Φ+,
∂∂(DΦ)(DΦ)Φ+, ∂∂
(
D2Φ
)
Φ+Φ+; (12)
6
– 5 operators of 4-point functions
(
D2Φ
) (
D2Φ
) (
D¯Φ+
) (
D¯Φ+
)
,
(
D2Φ
) (
D2Φ
)
Φ+
(
D¯2Φ+
)
,
∂(DΦ)
(
D2Φ
)
Φ+
(
D¯Φ+
)
, ∂∂Φ
(
D2Φ
)
Φ+Φ+,
∂∂(DΦ)(DΦ)Φ+Φ+. (13)
Because new BFNC parameters and operators appear in Γ1st (see eqs. (10)-(13)), the terms
composed of the new BFNC parameters and operators appeared in Γ1st cannot be absorbed by
SNC. Thus, in accordance with the background field method [15] we define a new action,
S(1) ≡ SWZ + SΛ
(
Λ2
)
+ Γ1st
(
Λ2
)
, (14)
and further derive the effective action of S(1), which is denoted as Γ2nd (Λ
2). By comparing
Γ2nd (Λ
2) with S(1), we find that the following BFNC parameters and operators are not contained
in S(1).
• 13 BFNC parameters
σΛΛ, Λ2
(
σkl
)αβ
, σΛΛηkl, σΛΛǫαβ , σΛΛǫα˙β˙, σΛΛ
(
σ¯k
)α˙β
,
ǫαβ
(
ησΛk
)ζ
Λlβ, Λ
2ηklηno, Λklηln (σ
no)αβ , σΛΛηklǫαβ ,
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k , ǫαβηkl
(
ησΛl
)ζ
Λkβ , ǫ
αβǫζιǫklnoηnpηoqΛ
p
βΛ
q
ι. (15)
• operators of point functions
– 1 operator of 1-point functions
D2Φ; (16)
– 10 operators of 2-point functions
Φ
(
D2Φ
)
, (DΦ)(DΦ),
(
D2Φ
) (
D2Φ
)
,
(
D2Φ
) (
D¯2Φ+
)
,(
D2Φ
)
Φ+, ∂(DΦ)
(
D¯Φ+
)
, ∂∂ΦΦ+, ∂∂
(
D2Φ
) (
D2Φ
)
,
∂∂Φ+Φ+, ∂∂∂∂Φ+Φ+; (17)
– 13 operators of 3-point functions
ΦΦ
(
D2Φ
)
, Φ(DΦ)(DΦ), Φ
(
D2Φ
) (
D2Φ
)
, Φ
(
D2Φ
)
Φ+,
(DΦ)(DΦ)
(
D2Φ
)
, (DΦ)(DΦ)Φ+,
(
D2Φ
) (
D2Φ
)
Φ+,(
D2Φ
) (
D¯Φ+
) (
D¯Φ+
)
,
(
D2Φ
)
Φ+
(
D¯2Φ+
)
,
(
D2Φ
)
Φ+Φ+,
∂(DΦ)Φ+
(
D¯Φ+
)
, ∂∂ΦΦ+Φ+, ∂∂Φ+Φ+Φ+; (18)
7
– 14 operators of 4-point functions
ΦΦ
(
D2Φ
) (
D2Φ
)
, ΦΦ
(
D2Φ
)
Φ+, Φ(DΦ)(DΦ)
(
D2Φ
)
,
Φ(DΦ)(DΦ)Φ+, Φ
(
D2Φ
) (
D2Φ
)
Φ+, Φ
(
D2Φ
)
Φ+Φ+,
(DΦ)(DΦ)
(
D2Φ
)
Φ+, (DΦ)(DΦ)Φ+Φ+,
(
D2Φ
)
Φ+
(
D¯Φ+
) (
D¯Φ+
)
,(
D2Φ
)
Φ+Φ+
(
D¯2Φ+
)
,
(
D2Φ
)
Φ+Φ+Φ+, ∂(DΦ)Φ+Φ+
(
D¯Φ+
)
,
∂∂ΦΦ+Φ+Φ+, ∂∂Φ+Φ+Φ+Φ+; (19)
– 10 operators of 5-point functions
ΦΦ
(
D2Φ
) (
D2Φ
)
Φ+, ΦΦ
(
D2Φ
)
Φ+Φ+, Φ(DΦ)(DΦ)
(
D2Φ
)
Φ+,
Φ(DΦ)(DΦ)Φ+Φ+, Φ
(
D2Φ
)
Φ+Φ+Φ+, (DΦ)(DΦ)Φ+Φ+Φ+,(
D2Φ
)
Φ+Φ+
(
D¯Φ+
) (
D¯Φ+
)
,
(
D2Φ
)
Φ+Φ+Φ+
(
D¯2Φ+
)
,
∂(DΦ)Φ+Φ+Φ+
(
D¯Φ+
)
, ∂∂ΦΦ+Φ+Φ+Φ+; (20)
– 2 operators of 6-point functions
ΦΦ
(
D2Φ
)
Φ+Φ+Φ+, Φ(DΦ)(DΦ)Φ+Φ+Φ+. (21)
The above result indicates that Γ2nd (Λ
2) cannot be absorbed by S(1). So we have to continue
the iteration and further define the following action,
S(2) ≡ S(1) + Γ2nd
(
Λ2
)
, (22)
and use Γ3rd (Λ
2) to represent its effective action at the order of Λ2. By comparing Γ3rd (Λ
2) with
S(2), we observe that only the following two independent BFNC parameters are not contained
in S(2),
ηkl (ησΛΛn)o , σΛΛ(σkl)αβ , (23)
while all the operators in Γ3rd (Λ
2) are covered by S(2).
By now it is not necessary to continue the iteration process, but to analyze SΛ (Λ2) and the
three effective actions systematically. One important result obtained in our previous work [14]
is the introduction of a 1/2 supersymmetry invariant subset and its corresponding basis. It
is known that anyone of the four actions SΛ (Λ2), Γ1st (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2) can be
separated into several classes, each of which as a close set contains the minimal number of
terms and is invariant under the 1/2 supersymmetry transformation. Any two classes have
no common terms. So we introduce the concept of 1/2 supersymmetry invariant subsets and
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name every class as a 1/2 supersymmetry invariant subset. The numbers of invariant subsets
are 4, 17, 64, and 73 for the four actions, respectively. By comparing the invariant subsets
of the four actions, we see that some subsets have same BFNC parameters and operators
but different coefficients. After summing up all of the subsets of the four actions, we finally
determine that there are 74 independent subsets in total, each of which is invariant under the
1/2 supersymmetry transformation. In order to give the ingredients of an invariant subset
provided by the four actions, we construct a new action,
Γ
(
Λ2
)
= a0 SΛ
(
Λ2
)
+ a1 Γ1st
(
Λ2
)
+ a2 Γ2nd
(
Λ2
)
+ a3 Γ3rd
(
Λ2
)
, (24)
where a0, a1, a2, and a3 are parameters which show intersections of invariant subsets of different
actions. All invariant subsets are given in ref. [14] and denoted by fi, where i = 1, · · · , 74. Thus,
Γ (Λ2) can be rewritten as
Γ
(
Λ2
)
=
74∑
i=1
fi. (25)
Further, based on the 74 invariant subsets fi’s, we need to construct more general 1/2
supersymmetry invariant subsets in order to deduce the one-loop renormalizable Wess-Zumino
action on the BFNC superspace. This means that we only care about the combinations of BFNC
parameters and operators rather than the coefficients of the terms in every invariant subset.
The reason is that the coefficients merely represent the ratio of contribution to a combination
from SΛ (Λ2), Γ1st (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2). By introducing parameters xi,j , yi,j, and zi,j
to replace the original coefficients in every subset and again imposing the 1/2 supersymmetry
upon the generalized subset, where i, j = 1, 2, · · · , 74, we can have a generalized invariant
subset containing those parameters that satisfy the constraints from the 1/2 supersymmetry,
Bi, which is given in ref. [14] and called a basis of an invariant subset. Then, using the bases
Bi’s rather than the four actions SΛ (Λ
2), Γ1st (Λ
2), Γ2nd (Λ
2), and Γ3rd (Λ
2), we define a general
action S(3) that is obviously invariant under the 1/2 supersymmetry transformation,
S(3) = SWZ +
∫
d8z
(
74∑
i=1
Bi
)
. (26)
By evaluating its effective action, Γ4th (Λ
2), we observe that Γ4th (Λ
2) no longer has new terms
that do not exist in S(3), i.e. Γ4th (Λ
2) can be absorbed completely by S(3). Consequently, S(3)
is the one-loop renormalizable BFNC Wess-Zumino action at the order of Λ2.
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3 Description of Idea and Treatment
Now we turn to the construction of an all-loop renormalizable Wess-Zumino action on the
BFNC superspace. In this section we briefly describe our main idea of investigation as follows.
A natural extension of the one-loop renormalizable BFNC Wess-Zumino action is an all-loop
renormalizable one. As we know, S(3) (eq. (26)) with a real mass and a real interacting constant
has only one 1/2 supersymmetry but no global U(1) symmetries. According to the realization
of one- and all-loop renormalizable NAC Wess-Zumino actions [5, 7, 8], we have to modify
S(3) by generalizing the mass and interacting constant to complex numbers and then introduce
two global U(1) symmetries, i.e. the U(1)R R-symmetry and U(1)Φ flavor symmetry in the
modified formulation of S(3). That is, by requiring the one-loop renormalizable Wess-Zumino
action S(3) [14] to possess the U(1)R R-symmetry and U(1)Φ flavor symmetry, we give
2 a
modified action S ′(3) (see eq. (29)) that has not only the 1/2 supersymmetry but also the two
U(1) symmetries. In the usual perturbation expansion to any order, one then tries to determine
the effective action of S ′(3) in terms of Feynman graphs. However, we find that when the order
of perturbation expansion increases, it is too complicated to be performed to calculate such
an effective action for S ′(3) that contains a so large number of terms. Consequently, we have
to open a new road for ourselves. The key factor relies on symmetries. As S ′(3) has two U(1)
symmetries and one 1/2 supersymmetry, according to the background field method [15], the
effective action of S ′(3) would certainly have such symmetries even if it has not yet been derived.
This implies that we shall obtain the effective action of S ′(3) by just using these symmetries.
Based on the above idea, we then demonstrate briefly our specific treatment of investigation.
We begin with constructing all possible divergent operators in the effective action of S ′(3) by
using the two U(1) symmetries. At this stage, only the number of derivatives and the number
of superfields can be determined, while the distributions of derivatives and superfields, i.e.
the positions of derivatives and superfields in an allowed divergent operator cannot be fixed.
According to the general requirement of renormalization in the background field method [15, 17],
if the effective action of an action can be absorbed by the action itself, then such an action is
regarded to be renormalizable; if not, an iteration should be processed. By adding the effective
action to the action, one then gives a combined action. If the effective action of the combined
action can be absorbed by the combined one, then such a combined action is regarded to
be renormalizable; if not, such an iterative procedure should be continued until to the stage
2Note that this is just an intermediate step. S ′(3) is not a new BFNC Wess-Zumino action that is renormal-
izable at all loops. For the new BFNC Wess-Zumino action, see eq. (88) or eq. (89).
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that an effective action is absorbed by its corresponding action. Therefore, as a preliminary
analysis, we determine whether S ′(3) contains a term that has the same number of derivatives
and the same number of superfields as that of a possible divergent operator in the effective
action of S ′(3). Then, in a more detailed analysis, for every class of divergent operator forms,
we check whether S ′(3) contains such a term that has not only the same numbers of derivatives
and superfields but also the same distributions of derivatives and superfields as that of an
allowed divergent operator. According to the negative and positive situations, we divide all
divergent operators into two parts. The first part, denoted as the first, second and third classes
(see eqs. (44)-(46)), has no corresponding terms in S ′(3), while the second part, denoted as the
fourth class (see eqs. (47)-(52)), has corresponding terms in S ′(3). Further adding
3 specific terms
from the third and fourth classes of divergent operators to S ′(3) after considering all possible
combinations of allowed BFNC parameters and divergent operators, we can finally decide a
new BFNC Wess-Zumino action (eq. (88) or eq. (89)) that is renormalizable at all loops. The
remaining paragraphs of this section leave to a concise description of such a process.
Although the part of the effective action constructed from the first part of divergent opera-
tors cannot be absorbed by S ′(3), not all of its divergent operators have to be considered. By the
requirement of 1/2 supersymmetry and the fact that some divergent operators can be changed
to total derivatives, we can get rid of the first and second classes of divergent operators in the
first part. Thus only the third class (see eq. (46)) remains. In addition, after considering all
allowed ways for acting covariant derivatives on superfields, we can give the 1/2 supersymmetric
forms (eqs. (61) and (62)) by using the third class.
For the divergent operators in the second part (fourth class), because S ′(3) contains a lot of
terms, one naturally wants to ask whether S ′(3) covers this part of the effective action constructed
by using these divergent operators. To answer the question, we have to give this part of the
effective action by using the fourth class of divergent operators. At first we work out all
allowed BFNC parameters, determine the combinations of BFNC parameters and divergent
operators, and then deduce the distributions of derivatives on the superfields by using the
1/2 supersymmetry. Although the derivation of an effective action from divergent operators
is very complicated in general, we can give the effective action of S ′(3) in light of our specific
observation that S ′(3) covers a large part of the effective action, i.e. only a small number of
terms (see eq. (86)) are not contained in S ′(3).
As a consequence, the terms in eqs. (61), (62), and (86) are not covered by S ′(3). This means
that if these terms appear in the effective action of S ′(3) at a certain order of perturbation,
3See our detailed analyses in sections 4-8.
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dim U(1)R U(1)Φ dim U(1)R U(1)Φ
m 1 0 -2 m∗ 1 0 2
g 0 -1 -3 g∗ 0 1 3
(Λkα)
2 -3 2 0 V -5 2 0
d4θ 2 0 0 θ4 -2 0 0
Φ 1 1 1 Φ+ 1 -1 -1
Dα
1
2
-1 0 D¯α˙
1
2
1 0
D2 1 -2 0 D¯2 1 2 0
∂k 1 0 0 d
4x -4 0 0
Table 1: Mass dimensions and symmetry charges of parameters and operators.
they cannot be absorbed by S ′(3), which gives rise to the result that S
′
(3) is not renormalizable.
In order to determine whether the terms in eqs. (61), (62), and (86) appear in the effective
action of S ′(3), the usual way is to calculate the effective action to all orders in perturbation
theory. Without applying the usual direct perturbative investigation which is unsuitable to our
case as analyzed already, using our specific treatment that is based on the three symmetries
mentioned above, we impose these terms directly upon S ′(3) and find that the combined action
is renormalizable at all loops.
4 TheModified One-Loop Renormalizable Wess-Zumino
Action
We need to set up the symmetry charge for the BFNC parameter Λkα, see Table 1. In order
to modify S(3) (see ref. [14]) to be such a form that has the additional U(1)R R-symmetry and
U(1)Φ flavor symmetry, we generalize the original real mass m and real interacting constant g
to complex numbers, where m∗ and g∗ represent complex conjugate to m and g, respectively,
and define the parameters xi,j , yi,j, and zi,j in S(3) to have no mass dimensions or U(1) charges.
The modified action can thus be given by following the two-step manipulation of S(3).
The first step: For the undeformed part of S(3), which corresponds to the ordinary Wess-
Zumino action, we replace m and g related to antichiral fields by m∗ and g∗, respectively, and
thus give the result as follows,
S ′WZ =
∫
d8z
{
Φ+Φ−
m
8
Φ
(
D2

Φ
)
−
m∗
8
Φ+
(
D¯2

Φ+
)
12
−
g
12
ΦΦ
(
D2

Φ
)
−
g∗
12
Φ+Φ+
(
D¯2

Φ+
)}
. (27)
The second step: For the deformed part of S(3), to each base denoted by
∫
d8z X we at first
multiply X by mb1(m∗)b2gb3(g∗)b4, where b1, b2, b3, and b4 are parameters. Then considering
the requirement of the U(1)R R-symmetry and U(1)Φ flavor symmetry, we observe that the
mass dimension, the U(1)R charge, and the U(1)Φ charge of
∫
d8z mb1(m∗)b2gb3(g∗)b4 X should
be zero, which gives rise to constraints on the four parameters. By solving these constraints,
we can fix the parameters b1, b2, b3, and b4 and thus obtain S ′(3).
We take B29 as an example to explain how to modify the coefficient of each base in the
action S(3) and then derive the corresponding base in S
′
(3). B29 has the form [14],
B29 = (−2x29,3 + 2x29,4) ǫ
αβΛklθ4 (DβΦ) ∂l∂k (DαΦ)
(
D2Φ
)
+ (−6x29,3 + 4x29,4 + 2x29,5) ǫ
αβǫζιΛkβΛ
l
ιθ
4∂k (DαΦ) ∂l (DζΦ)
(
D2Φ
)
+x29,3Λ
klθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
+x29,4Λ
klθ4Φ
(
D2Φ
)
∂l∂k
(
D2Φ
)
+x29,5ǫ
αβΛklθ4∂k (DαΦ) ∂l (DβΦ)
(
D2Φ
)
. (28)
Following the second step, where X now represents B29, we can compute b1 = b2 = b4 = 0 and
b3 = 1. Thus, the modified B29 takes the form B
′
29 = gB29. After dealing with the other bases
in S(3) in the same way, we deduce from S(3) the modified action,
S ′(3) = S
′
WZ +
∫
d8z
(
74∑
i=1
ciBi
)
, (29)
where Bi’s (i = 1, · · · , 74) have been listed in Appendix B of ref. [14], and ci’s denote the
additional coefficients we have calculated according to The second step mentioned above. The
coefficients are listed in the Appendix, see eq. (A1). For instance, the coefficient related to
B29 is c29 = g. As a result, S ′(3) has the U(1)R R-symmetry, U(1)Φ flavor symmetry, and 1/2
supersymmetry. This modified action will play a fundamental role in our construction of an
all-loop renormalizable Wess-Zumino model on the BFNC superspace.
5 Constraints on Divergent Operators from Symmetries
A general term in an effective action can be written in the following form [8],
Γ =
∫
d4x λ O, (30)
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where O denotes a general divergent operator that includes d4θ, and the parameter λ is defined
up to a coefficient as
λ ∼ ΛdUV g
x−R (g∗)x
(
m
ΛUV
)y (
m∗
ΛUV
)y+S−3R
2
. (31)
As to the quantities in the above equation, we give an explanation. ΛUV is ultraviolet cutoff,
and x and y are non-negative integers. Moreover, d, R, and S represent, for the parameter
λ, its mass dimension, its U(1)R R-symmetry charge, and its U(1)Φ flavor symmetry charge,
respectively, which can be obtained from Table 1.
By considering the D algebraic relations [14] we can determine the most general operator
O,
O = d4θ(D2)γ(D¯2)δ(∂DD¯)η(∂∂)ζV ρΦα(Φ+)β, (32)
where γ, δ, η, ζ , ρ, α, and β are non-negative integers, ∂DD¯ stands for ∂kDαD¯β˙, ∂∂ for ∂k∂l,
and V for (Λkα)
2 θ4. The dimension, U(1)R charge, and U(1)Φ charge of O can be obtained
from Table 1, which are given respectively as follows,
2 + α+ β + γ + δ + 2ζ + 2η − 5ρ, (33)
α− β + 2(−γ + δ + ρ), (34)
α− β. (35)
The dimension of the general term Γ in eq. (30) is the sum of the dimensions of d4x, λ, and
O. As the dimension of Γ is zero and the dimension of d4x is −4 by definition, so the sum of
the dimensions of λ and O is 4.
Because Γ is invariant under the U(1)R R-transformation and U(1)Φ flavor transformation,
the U(1)R and U(1)Φ charges of Γ are zero. We note that the symmetry charge of d
4x is defined
to be zero, so the symmetry charge of Γ is the sum of symmetry charges of λ and O.
Using eqs. (33), (34), and (35), we deduce for λ its dimension d, U(1)R charge R, and U(1)Φ
charge S as follows,
d = 2− α− β − γ − δ − 2ζ − 2η + 5ρ,
R = −α + β + 2γ − 2δ − 2ρ,
S = −α + β. (36)
From eq. (31) we can read off the power of ΛUV denoted as P ,
P = d+
3R
2
−
S
2
− 2y. (37)
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After substituting eq. (36) into eq. (37) we obtain
P = 2− 2y − 2α+ 2γ − 4δ − 2ζ − 2η + 2ρ. (38)
From the definition of λ, we get λ ∝ (ΛUV )P . As ΛUV is ultraviolet cutoff, it will be infinity.
We thus conclude that Γ (see eq. (30)) is divergent only when
P ≥ 0. (39)
Because we only care about the divergent part in an effective action, we impose the con-
straint eq. (39) upon the possible forms of the parameter λ and operator O.
Besides eq. (39), we have to consider the constraints which are related to the D algebraic
relations,
γ ≤ α− η, δ ≤ β − η. (40)
The reason is now stated. If there is one ∂DD¯ in O, then we must act D on Φ and act D¯
on Φ+ separately in an effective action. If not, first assuming that D and D¯ act on the same
superfield, that is, (∂DD¯Φ+)Φ, and then using D algebraic relations, we get (∂∂Φ+)Φ. This
contradicts the initial assumption that there is one ∂DD¯ in O. Taking into account this point,
we can act at most two D’s on one Φ and two D¯’s on one Φ+, and thus give the constraints
eq. (40).
In addition, the other constraints emerge from the requirement that the powers of the factors
in O are non-negative integers,
γ ≥ 0, δ ≥ 0, α ≥ 0, η ≥ 0, ρ ≥ 0,
ζ ≥ 0, β ≥ 0. (41)
Next recall that we have defined V ≡ (Λkα)
2 θ4 and used ρ to represent the number of V in
O, cf. eq. (32). If our approximation is up to the second order of BFNC parameters Λkα’s, we
have another constraint on ρ,
ρ = 1. (42)
At last, the parameters m, m∗, g, and g∗ enter an effective action through vertices and
propagators, and the number of the parameters should be non-negative integers, so we have
the constraints on the powers of these quantities in λ. By expanding λ and collecting m, m∗,
g, and g∗ in eq. (31), we can read off the constraints on their powers,
x+ α− β − 2γ + 2δ + 2ρ ≥ 0,
y + α− β − 3γ + 3δ + 3ρ ≥ 0,
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y ≥ 0, x ≥ 0. (43)
By now we obtain all of the constraints eqs. (38)-(43). They are just linear equations and
can be solved easily.
6 Divergent Operators
By solving the constraints eqs. (38)-(43), we obtain many solutions which correspond to
possible forms of divergent operators O. Through determining whether such forms can be
covered by S ′(3) or not, in other words, if S
′
(3) contains the terms that have the same numbers
of derivatives and superfields as that of the possible forms of O, we classify the solutions into
two parts.
The first part corresponds to the case that S ′(3) does not contain the following three classes
of the forms of O.
• The first class of divergent operators has twelve different forms,
Φ, ΦΦ, ΦΦ+, ΦΦ+Φ+, ΦΦ+Φ+Φ+,
ΦΦ+Φ+Φ+Φ+, ΦΦ+Φ+Φ+Φ+Φ+, ΦΦΦ+,
ΦΦΦ+Φ+, ΦΦΦ+Φ+Φ+, ΦΦΦ+Φ+Φ+Φ+,
ΦΦΦ+Φ+Φ+Φ+Φ+; (44)
• The second class of divergent operators has five different forms,
∂∂Φ, ∂∂Φ+, ∂∂∂∂Φ+ , D2∂∂Φ, D2∂∂∂∂Φ; (45)
• The third class of divergent operators has eleven different forms,
Φ+, Φ+Φ+, Φ+Φ+Φ+, Φ+Φ+Φ+Φ+,
Φ+Φ+Φ+Φ+Φ+, D¯2Φ+, D¯2Φ+Φ+,
D¯2Φ+Φ+Φ+, D¯2Φ+Φ+Φ+Φ+,
D¯2Φ+Φ+Φ+Φ+Φ+, D¯2Φ+Φ+Φ+Φ+Φ+Φ+. (46)
We note that the operators in the first class are excluded by the 1/2 supersymmetry invari-
ance and those in the second class are excluded by the property that they are related merely to
total derivatives after the spacetime integration. So, only the operators in the third class can
be used to construct 1/2 supersymmetry invariants.
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The second part corresponds to the case that S ′(3) contains the following 1- to 6-point
functions of O that are denoted as the fourth class of the forms of O.
• The 1-point function has only one form,
D2Φ; (47)
• The 2-point function has twelve different forms,
D2ΦΦ, D2D2ΦΦ, ∂∂Φ+Φ+, ∂∂∂∂Φ+Φ+,
D2∂∂ΦΦ, D2ΦΦ+, D2D2∂∂ΦΦ, ∂∂ΦΦ+,
∂DD¯ΦΦ+, D2∂∂ΦΦ+, D2∂∂∂∂ΦΦ+ , D2D
2
ΦΦ+; (48)
• The 3-point function has fifteen different forms,
D2ΦΦΦ, D2D2ΦΦΦ, ∂∂Φ+Φ+Φ+,
∂∂∂∂Φ+Φ+Φ+, D2ΦΦ+Φ+, D2ΦΦΦ+,
D2D2∂∂ΦΦΦ, D2D2ΦΦΦ+, ∂∂ΦΦ+Φ+,
∂DD¯ΦΦ+Φ+, D2∂∂ΦΦ+Φ+, D2∂∂ΦΦΦ+,
D2∂DD¯ΦΦΦ+, D2D
2
ΦΦ+Φ+, D2D2D
2
ΦΦΦ+; (49)
• The 4-point function has twelve different forms,
D2D2ΦΦΦΦ, ∂∂Φ+Φ+Φ+Φ+, D2ΦΦ+Φ+Φ+,
D2ΦΦΦ+Φ+, D2ΦΦΦΦ+, D2D2ΦΦΦΦ+,
∂∂ΦΦ+Φ+Φ+, ∂DD¯ΦΦ+Φ+Φ+, D2∂∂ΦΦΦ+Φ+,
D2∂DD¯ΦΦΦ+Φ+, D2D
2
ΦΦ+Φ+Φ+, D2D2D
2
ΦΦΦ+Φ+; (50)
• The 5-point function has six different forms,
D2ΦΦΦ+Φ+Φ+, D2ΦΦΦΦ+Φ+, D2D2ΦΦΦΦΦ+,
∂∂ΦΦ+Φ+Φ+Φ+, ∂DD¯ΦΦ+Φ+Φ+Φ+, D2D
2
ΦΦ+Φ+Φ+Φ+; (51)
• The 6-point function has only one form,
D2ΦΦΦΦ+Φ+Φ+. (52)
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7 BFNC Parameters
Besides the various divergent operators given in the above section, we now determine allowed
BFNC parameters because a general term in an effective action is a combination of allowed
divergent operators and BFNC parameters, and such a combination has no free Bosonic and
Fermionic indices and satisfies the U(1)R R-symmetry, U(1)Φ flavor symmetry, and 1/2 su-
persymmetry. Here we list various possible forms of BFNC parameters by using the following
symbols,
ǫαβ , ǫ
αβ , ǫα˙β˙ , ǫ
α˙β˙, ηkl, η
kl,
ǫklmn, (σkl)αβ, (σ¯k)α˙β, Λkα, (53)
and classify the related BFNC parameters by their Bosonic indices k, l, · · · and Fermionic ones
α, β, · · · .
• The class without any indices contains two different forms,
Λ2, σΛΛ; (54)
• The class with two Bosonic indices k and l contains four different forms,
(ησΛΛk)l, Λkl, Λ2ηkl, σΛΛηkl; (55)
• The class with two Fermionic indices α and β contains two different forms,
Λ2ǫαβ , σΛΛǫαβ ; (56)
• The class with two Fermionic indices α˙ and β˙ contains two different forms,
Λ2ǫα˙β˙ , σΛΛǫα˙β˙; (57)
• The class with one Bosonic index k and two Fermionic indices α˙ and β contains five
different forms,
Λ2(σ¯k)α˙β, σΛΛ(σ¯k)α˙β, Λklηln(σ¯
n)α˙β,
ηnl(σ¯
l)α˙β(ησΛΛn)k, ηnl(σ¯
l)α˙β(ησΛΛk)n; (58)
• The class with four Bosonic indices k, l, n, and o contains five different forms,
Λ2ηklηno, σΛΛηklηno, ηklΛno, (σΛΛkl)no, ηkl(ησΛΛn)o; (59)
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• The class with two Bosonic indices k and l and two Fermionic ones α and β contains
twelve different forms,
ǫαβ(ησΛΛk)l, ǫαβΛkl, Λ2ηklǫαβ , σΛΛηklǫαβ ,
Λ2(σkl)αβ , σΛΛ(σkl)αβ , Λkoηon(σ
nl)αβ,
ǫαζǫβιǫklnoηnpηoqΛ
p
ζΛ
q
ι, ǫ
αζηno(σΛ
ok)lβΛnζ,
ǫαζ(ησΛk)βΛlζ, ǫ
αζǫβιΛkζΛ
l
ι, η
klǫαζηno(ησΛ
n)βΛoζ , (60)
where the definitions of abbreviations are given in eq. (7).
8 Construction of the effective action of S ′(3)
With the allowed divergent operators and BFNC parameters provided in the above two
sections as ingredients, we are now ready to search for the effective action of S ′(3).
For the third class of divergent operators, see eq. (46), it is easy to construct 1/2 super-
symmetric invariant forms that are separated into two categories without and with covariant
derivatives. The former contains the five different 1/2 supersymmetric invariant bases,
B75 =
(
Λ2y75,1 + σΛΛz75,1
)
θ4Φ+,
B76 =
(
Λ2y76,1 + σΛΛz76,1
)
θ4Φ+Φ+,
B77 =
(
Λ2y77,1 + σΛΛz77,1
)
θ4Φ+Φ+Φ+,
B78 =
(
Λ2y78,1 + σΛΛz78,1
)
θ4Φ+Φ+Φ+Φ+,
B79 =
(
Λ2y79,1 + σΛΛz79,1
)
θ4Φ+Φ+Φ+Φ+Φ+, (61)
and the latter has the six ones as follows,
B80 =
(
Λ2y80,1 + σΛΛz80,1
)
θ4
(
D¯2Φ+
)
,
B81 =
(
Λ2y81,2 + σΛΛz81,2
)
θ4
(
D¯2Φ+
)
Φ+
+
(
Λ2y81,2 + σΛΛz81,2
)
ǫα˙β˙θ4
(
D¯α˙Φ
+
) (
D¯β˙Φ
+
)
,
B82 =
(
1
2
Λ2y82,2 +
1
2
σΛΛz82,2
)
θ4
(
D¯2Φ+
)
Φ+Φ+
+
(
Λ2y82,2 + σΛΛz82,2
)
ǫα˙β˙θ4
(
D¯α˙Φ
+
) (
D¯β˙Φ
+
)
Φ+,
B83 =
(
1
3
Λ2y83,2 +
1
3
σΛΛz83,2
)
θ4
(
D¯2Φ+
)
Φ+Φ+Φ+
+
(
Λ2y83,2 + σΛΛz83,2
)
ǫα˙β˙θ4
(
D¯α˙Φ
+
) (
D¯β˙Φ
+
)
Φ+Φ+,
B84 =
(
1
4
Λ2y84,2 +
1
4
σΛΛz84,2
)
θ4
(
D¯2Φ+
)
Φ+Φ+Φ+Φ+
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+
(
Λ2y84,2 + σΛΛz84,2
)
ǫα˙β˙θ4
(
D¯α˙Φ
+
) (
D¯β˙Φ
+
)
Φ+Φ+Φ+,
B85 =
(
1
5
Λ2y85,2 +
1
5
σΛΛz85,2
)
θ4
(
D¯2Φ+
)
Φ+Φ+Φ+Φ+Φ+
+
(
Λ2y85,2 + σΛΛz85,2
)
ǫα˙β˙θ4
(
D¯α˙Φ
+
) (
D¯β˙Φ
+
)
Φ+Φ+Φ+Φ+, (62)
where the parameters yi,j and zi,j are introduced for the definition of 1/2 supersymmetry
invariant bases [14].
For the fourth class of divergent operators, we take the 2-point function as an example since
it is straightforward to extend the analysis to the other point functions. In order to search for
the part of the effective action of S ′(3) through analyzing the terms in the fourth class, we list
them on the left hand side and their corresponding terms in S ′(3) on the right hand side.
We choose the terms with two Φ’s from eq. (48),
D2ΦΦ ⇐⇒ (−Λ2y1,2 − σΛΛz1,2)ǫ
αβθ4 (DαΦ) (DβΦ)
+(Λ2y1,2 + σΛΛz1,2)θ
4Φ(D2Φ), (63)
D2D2ΦΦ ⇐⇒ (Λ2y38,1 + σΛΛz38,1)θ
4(D2Φ)(D2Φ), (64)
D2∂∂ΦΦ ⇐⇒ x16,2(ησΛΛ
k)lθ4Φ∂k∂l(D
2Φ)
+x18,2Λ
klθ4Φ∂l∂k(D
2Φ)
+(Λ2y22,2 + σΛΛz22,2)θ
4Φ(D2Φ)
+x16,2ǫ
αβ(ησΛΛk)lθ4(DβΦ)∂k∂l(DαΦ)
+x18,2ǫ
αβΛklθ4(DβΦ)∂l∂k(DαΦ)
+(Λ2y22,2 + σΛΛz22,2)ǫ
αβθ4(DβΦ)(DαΦ), (65)
D2D2∂∂ΦΦ ⇐⇒ x42,1(ησΛΛ
k)lθ4(D2Φ)∂k∂l(D
2Φ)
+x44,1Λ
klθ4(D2Φ)∂l∂k(D
2Φ)
+(Λ2y71,1 + σΛΛz71,1)θ
4(D2Φ)(D2Φ). (66)
The meaning of the above equations is, for instance, that in eq. (63) the operator D2ΦΦ (on
the left hand side) in the fourth class corresponds to the terms (on the right hand side) in S ′(3)
with two D’s and two Φ’s.
Let us interpret the distributions of operators in eq. (63) which contains two terms and
corresponds to two allowed distributions of covariant derivatives acting on superfields. When
D’s and D¯’s act on chiral or antichiral superfields, we should take into account the following
identities,
DαΦ
+ = 0, D¯α˙Φ = 0. (67)
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Due to eq. (67), when D2 acts on two Φ’s, the allowed distributions are as follows,
(DαΦ) (DβΦ) ,
(
D2Φ
)
Φ. (68)
In a 2-point function, when D2 acts on a chiral superfield Φ and an antichiral superfield Φ+,
the non-vanishing contribution emerges from the two D’s acting on Φ but not on Φ+, that is,
(D2Φ)Φ+. With this reason and that already demonstrated under eq. (40), we can determine
all of the allowed distributions of covariant derivatives D’s and D¯’s acting on superfields for
the operators in the fourth class containing 1, 3, 4, 5, and 6 superfields.
In eq. (64) there is only one allowed distribution when four D’s act on two Φ’s, see eq. (67).
Let us continue our analysis for eq. (65). For the Fermionic indices, there are two allowed
distributions of two D’s acting on two Φ’s as explained in eq. (68). For the Bosonic indices, we
can move all Bosonic derivatives to the front of any of two superfields by using the integration
by parts, ∫
d4x (∂kF)G = −
∫
d4xF (∂kG) , (69)
where F and G denote any superfields. For three and higher point functions, we can also find
the method to arrange the Bosonic derivatives. As an example, for the product of superfields
like ΦΦΦ+, according to eq. (69) we can demand no Bosonic derivatives acting on Φ+ by moving
all the Bosonic derivatives acting on Φ+ to the places where they only act on the two Φ’s.
In the lines 1, 2, and 3 on the right hand side of eq. (65), Φ∂k∂l (D
2Φ) has only two symmetric
Bosonic indices. Because the combination of symmetric indices with antisymmetric indices leads
to vanishing contributions, we must combine Φ∂k∂l (D
2Φ) with the BFNC parameters that are
not antisymmetric with respect to indices k and l, see eq. (55).
In the lines 4, 5, and 6 on the right hand side of eq. (65), (DβΦ) ∂k∂l (DαΦ) has two Bosonic
indices k and l and two Fermionic indices α and β. Because the Bosonic derivatives have been
moved together, the indices k and l are symmetric. For the combinations of (DβΦ) ∂k∂l (DαΦ)
and the BFNC parameters with two Fermionic indices, let us consider the following term at
first, ∫
d4x (DαΦ) (∂k∂lDβΦ) . (70)
By using eq. (69) twice, we can transform eq. (70) into
−
∫
d4x (DβΦ) (∂k∂lDαΦ) , (71)
where the factor −1 appears due to the exchange of Fermionic numbers. Then by using Fierz
identity,
FαGβ − FβGα = −ǫαβǫ
γζFγGζ , (72)
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we can transform eq. (70) into the following form,
−
1
2
ǫαβǫ
γζ
∫
d4x (DγΦ) (∂k∂lDζΦ) , (73)
which is antisymmetric with respect to α and β. As the indices α and β of eq. (70) are
antisymmetric, so we can only combine them with those BFNC parameters of eq. (60) that are
not symmetric with respect to indices α and β. In conclusion, the BFNC parameters that can
be combined with eq. (70) should have no antisymmetric indices with respect to k and l, and
have no symmetric indices with respect to α and β. Moreover, we note that for the following
BFNC parameters of eq. (60),
ǫαζηno(σΛ
ok)lβΛnζ , ǫ
αζ(ησΛk)βΛlζ , η
klǫαζηno(ησΛ
n)βΛoζ , (74)
we can transform them to (ησΛk)l or σΛΛηkl when we combine them with antisymmetric indices
of ǫαβ . Therefore, we conclude that all possible terms constructed by D
2∂∂ΦΦ in the effective
action of S ′(3) are covered by the right hand side of eq. (65).
Let us consider now the three lines on the right hand side of eq. (66). As there is only one
allowed form for the distribution of four D’s acting on two Φ’s, which is similar to eq. (64),
we need only to consider the possible combinations of the BFNC parameters with two Bosonic
derivatives. As a result, eq. (66) can be dealt with by the same way as that to the lines 1, 2,
and 3 of eq. (65).
Next we list the remaining terms of 2-point functions in the fourth class. For the terms
with one Φ and one Φ+, the correspondence is as follows,
∂∂ΦΦ+ ⇐⇒
(
16Λ2y23,3 + 16σΛΛz23,3
)
θ4ΦΦ+, (75)
∂DD¯ΦΦ+ ⇐⇒
(
−8iΛ2y23,3 − 8iσΛΛz23,3
)
(σ¯k)α˙βθ4 (DβΦ) ∂k
(
D¯α˙Φ
+
)
, (76)
D2D
2
ΦΦ+ ⇐⇒
(
Λ2y23,3 + σΛΛz23,3
)
θ4
(
D2Φ
) (
D¯2Φ+
)
, (77)
D2ΦΦ+ ⇐⇒
(
Λ2y49,1 + σΛΛz49,1
)
θ4
(
D2Φ
)
Φ+, (78)
D2∂∂ΦΦ+ ⇐⇒ x55,1(ησΛΛ
k)lθ4
(
D2Φ
)
∂k∂lΦ
+
+x56,1Λ
klθ4
(
D2Φ
)
∂k∂lΦ
+
+
(
Λ2y73,1 + σΛΛz73,1
)
θ4
(
D2Φ
)
Φ+, (79)
D2∂∂∂∂ΦΦ+ ⇐⇒ x59,1(ησΛΛ
k)lθ4
(
D2Φ
)
∂k∂lΦ
+
+x60,1Λ
klθ4
(
D2Φ
)
∂k∂lΦ
+
+
(
Λ2y67,1 + σΛΛz67,1
)
θ4
(
D2Φ
)
Φ+, (80)
For the operator ∂∂ΦΦ+, we find from eq. (75) that there are only two BFNC parameters
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Λ2ηkl and σΛΛηkl that can be combined with ∂k∂l. Moreover, from eq. (55) we know that there
are two other BFNC parameters (ησΛΛk)l and Λkl that also have indices k and l.
Similarly, the indices of the operator ∂DD¯ΦΦ+ (see eq. (76)) are k, α˙, and β, according to
eq. (58) we can also combine this operator with the following BFNC parameters,
Λklηln(σ¯
n)α˙β, ηnl(σ¯
l)α˙β(ησΛΛn)k, ηnl(σ¯
l)α˙β(ησΛΛk)n. (81)
However, such combinations (that ∂DD¯ΦΦ+ combines with the above three BFNC parameters)
do not exist in the action S ′(3). Let us give an explanation. By examining the terms in eqs. (75),
(76), and (77), we observe that they form a 1/2 supersymmetry invariant subset, see ref. [14] for
the details. This indicates that the 1/2 supersymmetry invariance plays a fundamental role for
constructing the effective action of S ′(3). To explore this, we combine all of the allowed BFNC
parameters with operators ∂∂ΦΦ+, ∂DDΦΦ+, and D2D
2
ΦΦ+ that appear in eqs. (75), (76),
and (77), respectively. As their indices should be matched up, not all of BFNC parameters
are involved. Then we use all of the possible combinations to construct 1/2 supersymmetry
invariant subsets in light of the method introduced in ref. [14]. We discover that the 1/2
supersymmetry invariance is not maintained if the new combinations of the BFNC parameters
(see eq. (81)) and the operator ∂DDΦΦ+ are added, which gives the reason that S ′(3) does not
contain these new combinations. In other words, not only the indices should be matched up,
but also the 1/2 supersymmetry invariance should be satisfied.
The combinations in eqs. (78), (79), and (80) are easy to be understood in terms of the
above statement on the combinations of BNFC parameters and operators with two Φ’s.
We list the last two terms of 2-point functions with two Φ+’s (see eq. (48)) and their
corresponding terms in S ′(3),
∂∂Φ+Φ+ ⇐⇒
(
Λ2y39,1 + σΛΛz39,1
)
θ4Φ+Φ+ (82)
∂∂∂∂Φ+Φ+ ⇐⇒ x43,1(ησΛΛ
k)l θ4Φ+∂k∂lΦ
+,
+x45,1Λ
klθ4Φ+∂k∂lΦ
+
+
(
Λ2y72,1 + σΛΛz72,1
)
θ4Φ+Φ+. (83)
From eq. (83) we see that if there exists an operator composed of the product of 4 Bosonic
derivatives, ∂k, ∂l, ∂n, and ∂o, the BFNC parameters that can be combined with it should not
be antisymmetric with respect to any two indices of k, l, n, and o.
By using eqs. (54)-(60) we can determine the part of the effective action of S ′(3) that cor-
responds to the 2-point operators. In conclusion, we point out that the following forms which
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can be constructed by using the operators in the fourth class are not contained in S ′(3),
Λklθ4Φ+∂k∂lΦ
+, (ησΛΛk)lθ4Φ+∂k∂lΦ
+. (84)
With the same consideration as above for 1-, 3-, 4-, 5-, and 6-point functions, i.e., the
divergent operators in the fourth class (see eqs. (47) and (49)-(52)), we can construct all allowed
parts of the effective action of S ′(3) for the operators in the fourth class and find that most of
them are contained in S ′(3), except the following two forms,
Λklθ4Φ+Φ+∂k∂lΦ
+, (ησΛΛk)lθ4Φ+Φ+∂k∂lΦ
+. (85)
It is easy to construct 1/2 supersymmetric invariant forms by using eqs. (84) and (85),
B86 = x86,1Λ
klθ4Φ+∂k∂lΦ
+
B87 = x87,1
(
ησΛΛk
)l
θ4Φ+∂k∂lΦ
+
B88 = x88,1Λ
klθ4Φ+Φ+∂k∂lΦ
+
B89 = x89,1
(
ησΛΛk
)l
θ4Φ+Φ+∂k∂lΦ
+ (86)
where the parameter xi,j is introduced for the definition of 1/2 supersymmetry invariant
bases [14].
In a word, we have found all possible terms in the effective action of S ′(3) by using the
most general divergent operators and BFNC parameters. In this process, we have taken into
account the requirement of 1/2 supersymmetry. We thus obtain the whole of the effective
action systematically by classifying the operators according to the number of superfields and
by comparing them with S ′(3). Our conclusion is that under the second order approximation of
BFNC parameters the effective action of S ′(3) is∫
d8z
(
74∑
i=1
ciBi
)
+
∫
d8z
(
89∑
i=75
ciBi
)
, (87)
where the coefficients ci’s, i = 75, · · · , 89, are introduced to make
∫
d8z
(∑89
i=75 ciBi
)
to have
U(1)R R-symmetry and U(1)Φ flavor symmetry and are listed in eq. (A1). Note that the first
part of the above equation covered by S ′(3) (see eq. (29)) holds a large part of the terms in the
effective action. We are now ready to give a BFNCWess-Zumino model which is renormalizable
at all loops in perturbation theory.
9 Conclusion and Outlook
By comparing the part of the effective action constructed from the third and fourth classes
with the terms in S ′(3), we find that almost all terms in this part of the effective action are
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contained in S ′(3), but only the terms in eqs. (61), (62) and (86) are not contained. We now
deduce that S ′(3) plus these terms (eqs. (61), (62) and (86)) is renormalizable at all loops in
perturbation theory,
S ′(3) +
∫
d8z
(
89∑
i=75
ciBi
)
. (88)
Alternatively, eq. (88) can be rewritten as follows in terms of eq. (29),
S ′WZ +
∫
d8z
(
89∑
i=1
ciBi
)
. (89)
Finally, we make a comment that our above investigation is limited to the second order of
BFNC parameters. For deriving a renormalizable action at a higher order of BFNC parameters,
we construct all divergent operators in terms of the symmetry analysis, and then deduce all
allowed terms of an effective action using the divergent operators. At last we find out 1/2
supersymmetry invariant subsets and their corresponding bases. The result obtained in this way
must be renormalizable at all loops and at a higher order of BFNC parameters in perturbation
theory.
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Appendix
The coefficients ci’s, where i = 1, · · · , 89, are listed below.
c1 = g
2m (m∗)3 , c2 = g
3 (m∗)3 , c3 = gm (m
∗)2 , c4 = g
2 (m∗)2 ,
c5 = mm
∗, c6 = gm
∗, c7 = mg
∗, c8 = 1,
c9 = gmm
∗, c10 = g
2m∗, c11 = m, c12 = g,
c13 = g (m
∗)2 , c14 = m
∗, c15 = g
∗, c16 = g
4 (m∗)5 ,
c17 = gm
∗, c18 = g
2 (m∗)2 , c19 = g
2 (m∗)3 , c20 = 1,
c21 = 1, c22 = g
2 (m∗)2 , c23 = g
2 (m∗)3 , c24 = g (m
∗)2 ,
c25 = m
∗, c26 = g
∗, c27 = g, c28 = g
3 (m∗)3 ,
c29 = g, c30 = gm
2 (m∗)3 , c31 = g (m
∗)3 , c32 = g,
c33 = g (m
∗)3 , c34 = m (m
∗)3 , c35 = m (m
∗)3 , c36 = g,
c37 = g, c38 = m
2m∗, c39 = m (m
∗)2 , c40 = m
2g∗,
c41 = mg
∗m∗, c42 = g
2m (m∗)3 , c43 = g
2 (m∗)4 , c44 = m,
c45 = m
∗, c46 = g
∗, c47 = m (g
∗)2 , c48 = m (g
∗)2 ,
c49 = m
2 (m∗)2 , c50 = m
2g∗m∗, c51 = m
2 (g∗)2 , c52 = g (m
∗)3 ,
c53 = gm (m
∗)3 , c54 = mg
∗, c55 = g
2m (m∗)4 , c56 = mm
∗,
c57 = gm (m
∗)3 , c58 = mg
∗, c59 = g
2 (m∗)3 , c60 = 1,
c61 = g (m
∗)3 , c62 = g
∗, c63 = g
∗, c64 = g
∗,
c65 = g
∗, c66 = m (g
∗)2 , c67 = 1, c68 = g
∗,
c69 = m (g
∗)2 , c70 = mg
∗, c71 = m, c72 = m
∗,
c73 = mm
∗, c74 = mg
∗, c75 = gm
2 (m∗)4 , c76 = m
2 (m∗)3 ,
c77 = m
2g∗ (m∗)2 , c78 = m
2 (g∗)2m∗, c79 = m
2 (g∗)3 , c80 = g
3 (m∗)5 ,
c81 = g
2 (m∗)4 , c82 = g (m
∗)3 , c83 = (m
∗)2 , c84 = g
∗m∗,
c85 = (g
∗)2 , c86 = m (m
∗)2 , c87 = g
2m (m∗)5 , c88 = mg
∗m∗,
c89 = gm (m
∗)4 . (A1)
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